It is well known that if an elementary abelian p-group P acts on a p -group Q and 
Preliminaries
We collect a few results about coprime action. These are well known and can be found in group theory books, for example in [3] , Chapter 8. Throughout this paper, all groups are supposed to be finite and we follow standard notation (e.g. [3] ).
Coprime Action
Let π be a set of primes and let P be a π-group which acts on a π -group G. Let p be a prime. For any elementary abelian p-group P , we denote by Hyp(P ) and Hyp 2 (P ) the set of all the subgroups of P of index p and p 2 , respectively. We refer to the elements of Hyp(P ) as hyperplanes of P .
(i) If N is a P -invariant normal subgroup of G, then C G/N (P ) = C G (P )N/N .
(ii) We have G = [G, P ]C G (P ) and [G 
Proof. Let G be a minimal counterexample and set
We note that G is not abelian because otherwise
We proceed towards a contradiction in small steps.
(
Proof. The minimality of G implies that the theorem holds in the factor group G/N . Hence
(A) . Using Coprime Action (i) and (iii) and the fact that the theorem holds in G/N , we obtain HN/N = H 0 N/N . Now HN = H 0 N and the statement holds by Dedekind's Law.
Proof. The theorem holds in V and therefore
Then the hypothesis and (1) 
To prove (ii), suppose that D is minimal. Then since G is soluble, D is elementary abelian and by (i) we have two cases to consider: 
Proof. We recall that U centralises a hyperplane Y of A. Now Coprime Action (iv), applied to the action of Let p, q and r be primes such that p divides r − 1 and q − 1 is divisible by both r and p. This choice is possible, e.g. p = 3, r = 7 and q = 43. Then let R be a cyclic group of order r and suppose that the cyclic group P of order p acts non-trivially on R. Moreover let V be a p-dimensional vectorspace over GF (q) such that R and P act on V , V = [V, R] and dim(C V (P )) = 1. These choices are possible because of the particular way we picked the primes. We set
Next we construct an elementary abelian p-group A which acts on G. We understand P R as a subgroup of GL(V ) and let Z be a cyclic group of order p of Z(GL(V )). Then Z centralises P R and acts as a non-trivial group of scalar automorphisms on V . Finally let U be a cyclic group of order p centralising Z, P , R and V . Set 
